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ON MOSTLY EXPANDING DIFFEOMORPHISMS.
MARTIN ANDERSSON AND CARLOS H. VA´SQUEZ
Abstract. In this work we study the class of mostly expanding partially hyperbolic dif-
feomorphisms. We prove that such class is Cr-open, r > 1, among the partially hyperbolic
diffeomorphisms and we prove that the mostly expanding condition guarantee the exis-
tence of physical measures and provide more information about the statistics of the system.
Man˜e´’s classical derived-from-Anosov diffeomorphism on T3 belongs to this set.
1. Introduction
Physical measures may be thought of as capturing the asymptotic statistical behaviour of
large sets of orbits under a dynamical system. There is a strong and well known connection
between the existence of physical measures and abundance, in some proper sense, of non-zero
Lyapunov exponents. This is particularly true in the setting of dissipative partially hyper-
bolic diffeomorphisms, where non-zero central Lyapunov exponents are a crucial ingredient
in nearly all of the known results (see [24] and [8] for two exceptions). During the last 15
years, considerable effort has been done towards an understanding of the statistical behavior
of partially hyperbolic diffeomorphisms with non-vanishing central Lyapunov exponents.
In the case studied by Dolgopyat [11] and Bonatti and Viana [7], they assume abundance
of negative Lyapunov exponents along the center direction (mostly contracting condition).
The mostly contracting condition was later shown to be C2 robust, with most of its members
satisfying a strong kind of statistical stability: all physical measures persist and vary con-
tinuously with small deterministic perturbations of the dynamics [3]. Recently Dolgopyat,
Viana and Yang [28, 12] have given a detailed explanation of how bifurcations occur and
given an exhaustive set of examples. They have also proved a form of continuity of the basins
of physical measures.
The present work deals with the analogous but considerably harder case of diffeomorphisms
whose central direction exhibits abundance of positive Lyapunov exponents. We introduce
a new notion of mostly expanding diffeomorphims (different to the one introduced in [1])
and we prove they constitute a C2 open set. Moreover we show that a mostly expanding
Date: August 16, 2018.
2000 Mathematics Subject Classification. Primary: 37CD30, 37A25, 37D25.
Key words and phrases. Partial hyperbolicity, Lyapunov exponents, SRB measures, stable ergodicity.
CV was supported by Programa Regional Mathamsud 16-MATH-06 PHYSECO - and Proyecto Fondecyt
1130547.
1
2 MARTIN ANDERSSON AND C. H. VA´SQUEZ
diffeomorphims exhibit finite number of physical measures and and provide more information
about the statistics of the system. Particularly, we study a notion of ergodic stability in a
non-conservative setting for such diffemorphisms.
1.1. Mostly expanding diffeomorphims. Let M be a closed Riemannian manifold. We
denote by ‖ · ‖ the norm obtained from the Riemannian structure and by Leb the Lebesgue
measure on M . If V , W are normed linear spaces and A : V → W is a linear map, we
define
‖A‖ = sup{‖Av‖/‖v‖, v ∈ V \ {0}},
and
m(A) = inf{‖Av‖/‖v‖, v ∈ V \ {0}}.
A diffeomorphism f : M → M is partially hyperbolic if there exists a continuous Df -
invariant splitting of TM ,
TM = Es ⊕ Ec ⊕ Eu,
and there exist constants C ≥ 0 and
0 < λ1 ≤ µ1 < λ2 ≤ µ2 < λ3 ≤ µ3
with µ1 < 1 < λ3 such that for all x ∈M and every n ≥ 1 we have:
(1.1) C−1λn1 ≤ m (Df
n(x)|Es(x)) ≤ ‖Dfn(x)|Es(x)‖ ≤ Cµn1 ,
(1.2) C−1λn2 ≤ m (Df
n(x)|Ec(x)) ≤ ‖Dfn(x)|Ec(x)‖ ≤ Cµn2 ,
(1.3) C−1λn3 ≤ m (Df
n(x)|Eu(x)) ≤ ‖Dfn(x)|Eu(x)‖ ≤ Cµn3 .
We always assume that dimEσ ≥ 1, σ = s, c, u unless stated otherwise. We also point out
that the set of Cr-partially hyperbolic diffeomorphisms, r ≥ 1, is Cr-open [13, Corollary
2.17]. For partially hyperbolic diffeomorphisms, it is a well-known fact that there are folia-
tions Fσ tangent to the distributions Eσ for σ = s, u [14]. The leaf of Fσ containing x will
be called W σ(x), for σ = s, u.
An f -invariant probability measure µ is a Gibbs u-state or u-measure if the conditional
measures of µ with respect to the partition into local strong-unstable manifolds are absolutely
continuous with respect to Lebesgue measure along the corresponding local strong-unstable
manifold. Section 2 will be devoted to provides more properties of Gibbs u-states.
Definition 1.1. A partially hyperbolic diffeomorphism f : M → M f with Df -invariant
splitting TM = Es⊕Ec⊕Eu is mostly expanding along the central direction if f has
positive central Lyapunov exponents almost everywhere with respect to every Gibbs u-state
for f .
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There are several notions of asymptotic expansion along the center direction in the litera-
ture and we will explain briefly the relation between mostly expanding and the other similar
conditions introduced.
Definition 1.2. A partially hyperbolic diffeomorphism f : M → M is strongly mostly
expanding along the central direction if
(1.4) λc(x) = lim inf
n→+∞
1
n
logm(Dfn|Ecx) > 0
for a positive Lebesgue measure set of points x in every disk Du contained in a strong unstable
local manifold.
The notion above is a mimic of mostly contracting notion introduced in [7] and it is not
the same as in [1], where the term mostly expanding was coined.
We prove that if f is mostly expanding in a strong sense, then it is mostly expanding (see
Proposition 3.1). We do not know if the reciprocal is true.
As we mentioned above, Alves, Bonatti and Viana [1] use a different definition of mostly
expanding. Their definition is more generalthan ours. In particular, they allow the strong
unstable direction Eu to be trivial, working with splitting of type Es ⊕Ecu. In our setting,
we write Ecu = Ec ⊕ Eu and state their notion of mostly expanding with a different name:
Definition 1.3. We say that f is non uniformly expanding along the center-unstable
direction (for short f satisfies the NUE-condition) if there exists c0 > 0 and H ⊂ M of
positive Lebesgue measure, such that
(1.5) lim sup
n→∞
1
n
n−1∑
j=0
log ‖Df−1|Ecufj(x)‖ ≤ −c0 < 0.
holds for every x ∈ H.
Recently, condition (1.5) was weakened by Alves, Dias, Luzzatto and Pinheiro in [2].
Definition 1.4. A partially hyperbolic diffeomorphism f as above isweakly non-uniformly
expanding along the center-unstable direction (or it satisfies the wNUE-condition for
short), if there exists c0 > 0 and H ⊂M of positive Lebesgue measure, such that
(1.6) lim inf
n→∞
1
n
n−1∑
j=0
log ‖Df−1|Ecufj(x)‖ ≤ −c0 < 0.
We remark that the lim inf in (1.6) implies that the growth only needs to be verified on a
sub sequence of iterates, in contrast to the lim sup in (1.5), where the condition needs to be
verified for all sufficiently large times.
Our first result reveals the motivation of this work and the reason to introduce a new
notion of mostly expanding: Properties (1.5) and (1.6) are not robust.
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Theorem A. Satisfying the NUE-condition (or wNUE-condition) on a set H ⊆ T3 with
full Lebesgue measure is not a robust property among the set of partially hyperbolic Cr-
diffeomorphisms on T3, r > 1.
The statement above holds also if we replace ‘full measure’ by ‘positive measure’. In
fact, in Section 5), we exhibits examples where each property in the statement above is not
robust. The examples are inspired by a construction due to Dolgopyat, Hu and Pesin [4,
Appendix B]. They provide an example of a non-uniformly hyperbolic volume preserving
diffeomorphism on T3 with countably many ergodic components.
Even though our notion is more restrictive than NUE-condition or wNUE-condition (see
Section 4 for details), to be mostly expanding is a robust property so mostly expanding
diffeomorphisms are a good setting to looking for robust statistical properties.
Theorem B. The class of mostly expanding partially hyperbolic diffeomorphisms constitutes
a Cr-open subset of Diffr(M), r > 1.
1.2. Mostly expanding condition and existence of physical measures. Physical mea-
sures may be thought of as capturing the asymptotic statistical behavior of large sets of orbits
under a dynamical system. Recall that if µ is an f -invariant measure, the basin of µ is the
set
B(µ) = {z ∈M : lim
n→∞
1
n
n−1∑
k=0
ϕ(fk(z)) =
∫
M
ϕ d µ, for all ϕ ∈ C0(M,R)}.
It is well known that if µ is ergodic, then B(µ) has full µ-measure. The measure µ is
physical or SRB measure, if Leb (B(µ)) > 0.
There is a strong and well known connection between the existence of physical measures
and abundance, in some proper sense, of non-zero Lyapunov exponents. This is particularly
true in the setting of dissipative partially hyperbolic diffeomorphisms, where the asymptotic
expansion (or contraction) on the central subbundle is a crucial ingredient in nearly all of the
known results. For instance, Alves, Bonatti and Viana [1] as well as Alves, Dias, Luzzatto
and Pinheiro [2] showed that if f is a Cr- partially hyperbolic diffeomorphism satisfying
the NUE-condition (resp. wNUE-condition) for H = M , then it exhibits finitely many
physical measures and the union of their basins covers a full Lebesgue measure subset of M .
Nevertheless, the techniques and methods that used by Alves, Dias, Luzzatto and Pinheiro
in [2] to deal with this weaker assumptions are completely different from those used in Alves
Bonatti and Viana in [1].
In [1], Alves, Bonatti and Viana ask if is it possible to conclude the existence of physical
measures if the non-uniform expansion condition (1.5) is replaced by condition (1.4). Our
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next theorem gives essentially a positive answer to such question, although instead of requir-
ing that the condition hold on a positive Lebesgue measure set, we require it to hold on a
positive leaf volume subset of every unstable disk.
Theorem C. If f is a mostly expanding partially hyperbolic diffeomorphism, then f has a
finite number of physical measures whose basins together cover Lebesgue almost every point
in M .
We point out, however, that there is no possibility of having the phenomenon of intermin-
gled basins of attraction in the mostly expanding case (see Lemma 4.5 and also [25]).
1.3. Mostly expanding and stable ergodicity. We now consider the question of unique-
ness of physical measures, not just for f , but also for its small perturbations. This is related
to the stable ergodicity problem in a dissipative setting studied in [9, 10, 3] for mostly con-
tracting diffeomorphisms and by [27] in the case of mostly expanding diffeomorphisms. Our
examples in section 5 show that, in contrast to the mostly contracting case, where it was
shown in [3] that uniqueness of the physical measure implies robust uniqueness of the phys-
ical measure, having the NUE or wNUE satisfied on a set of full Lebesgue measure does not
imply that uniqueness of the physical measure is a robust property. We refer the reader to
[19, 20] and the references therein for a more exhaustive information.
Recall that a foliation is minimal if its leaves are dense. The strongly stable foliation
F s(f) of a partially hyperbolic diffeomorphism f : M → M is Cr-robustly minimal if there
exists a Cr-neighborhood U of f such that F s(g) is minimal for every g ∈ U .
Theorem D. Assume that f is a mostly expanding partially hyperbolic Cr-diffeomorphism,
r > 1. Suppose that the strongly stable (resp. unstable) foliation F s(f) f is Cr-robustly
minimal. Then any Cr diffeomorphism g close enough to f in the Cr topology has a unique
physical measure µg whose basin B(µg) has full volume in whole manifold M .
The same result above holds if we replace the hypothesis of strongly stable (resp. un-
stable) foliation by robust transitivity. Conditions under which one of the strong foliations
of a partially hyperbolic diffeomorphism is robustly minimal was provides by Pujals and
Sambarino [22] and Bonatti, Diaz and Ures [5] and Nobili [17].
The work is organized as follows. Section 2 is devoted to recall known results which will
be used later. In Section 3 we prove Theorem B. Theorem C and Theorem D are proved in
Section 4. As we mention before, in Section 5 we show examples where NUE-condition and
wNUE-condition fails to be robust, proving the statement of Theorem A. Finally, in Section 6,
and following the ideas developed in [7], we shown that classical example of a non-hyperbolic
robustly transitive partial hyperbolic diffeomorphism due to Man˜e [15] is mostly expanding
along the central direction. In particular the previous result can be applied to such class of
examples.
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2. Preliminaries
Along this section we summarize the main results related to the existence of physical
measure in the setting of partially hyperbolic diffeomorphisms. The key ingredient are the
Gibbs u-states.
Along this section f be a partial hyperbolic diffeomorphism. We denote by M(M) the
set of probability measures defined on M provided with the weak* topology and denote by
M(f) the set of probability measures invariant by f . It is well known thatM(f) is a convex
compact subset ofM(M) and moreover, every invariant measure have a decomposition into
ergodic measures (cf. [16]).
An f -invariant probability measure µ is a Gibbs u-state or u-measure if the conditional
measures of µ with respect to the partition into local strong-unstable manifolds are absolutely
continuous with respect to Lebesgue measure along the corresponding local strong-unstable
manifold. More precisely, given a point z ∈M , we define a foliated box of z in the following
way. Pick a strong-unstable disk D with center at z, and take a cross section Σ to the strong-
unstable foliation through the center point z. Then there exists φ : D×Σ→M which is a
homeomorphism onto its image, such that φ maps each horizontal D×{y} diffeomorphically
to an unstable domain through y. We may choose φ such that φ(z, y) = y for all y ∈ Σ and
φ(x, z) = x for all x ∈ D. In what follows, we identify D×Σ, and each D× {y}, with their
images under this chart φ. Given any measure ξ on D × Σ, we denote by ξˆ the measure on
Σ defined by
(2.1) ξˆ(B) = ξ(D ×B).
An f -invariant probability measure µ is a Gibbs u-state or u-measure if, for every foliated
neighborhood D × Σ such that µ(D × Σ) > 0, the conditional measures of µ|(D × Σ) with
respect to the partition into strong unstable plaques {D × {y} : y ∈ Σ} are absolutely
continuous with respect to Lebesgue measure along the corresponding plaque.
Gibbs u-states play a key role in the theory: If µ is a physical measure for a partially
hyperbolic diffeomorphism, then µ must be a Gibbs u-state [6, Section 11.2.3].
In the early eighties, Pesin and Sinai [18] proved that the set of the Gibbs u-states of f is
non-empty for Cr- partially hyperbolic diffeomorphisms, r > 1. More precisely, denote by u
the dimension of the bundle Eu. If Du is a u-dimensional disk inside a strong unstable leaf,
and Leb Du denotes the volume measure induced on D
u by the restriction of the Riemannian
metric to Du, then every accumulation point of the sequence of probability measures
µn =
1
n
n−1∑
j=0
f j∗
(
LebDu
LebDu(Du)
)
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is a Gibbs u-state with densities with respect to Lebesgue measure along the strong unstable
plaques uniformly bounded away from zero and infinity. It is possible to extend the result
obtained by Pesin and Sinai [6, Theorem 11.16]:
Proposition 2.1. There exists E ⊆ M intersecting every unstable disk on a full Lebesgue
measure subset, such that for any x ∈ E, every accumulation point ν of
(2.2) νn,x =
1
n
n−1∑
j=0
δfj(x)
is a Gibbs u-state.
The support of any Gibbs u-state consists of entire strong unstable leaves [6, Corollary
11.14]. Moreover, a convex combination of Gibbs u-states is a Gibbs u-state. Conversely, if
µ is a Gibbs u-state, its ergodic components are Gibbs u-states whose densities are uniformly
bounded away from zero and infinity [6, Lemma 11.13].
Denote by Gu(f) ⊆ M(f) the set of Gibbs u-states of f . The assertion above implies
that Gu(f) is convex. Furthermore, the set Gu(f) provided with the weak* topology is
closed in M(f) and so compact [10, Theorem 5]. Moreover, given any sufficiently small
Cr-neighborhood U of f , r > 1, the set
(2.3) Gu(U ,M) = {(g, µ) : g ∈ U and µ a Gibbs u-state of g }
is closed in U ×M(M) [6, Remark 11.15] when we consider the product topology.
In the partial hyperbolic setting, notions like physical measures, Gibbs u-states, non zero
Lyapunov exponents, and stable ergodicty are closely related. We will explain some known
relations useful for ours purposes. We refer the reader to [6, 19, 20, 29], and then references
therein, for a complete discussion about the relations to be discussed now.
As mentioned above, physical measures are Gibbs u-states in the setting of partially
hyperbolic diffeomorphisms, but the converse it is not true even in the uniformly hyperbolic
setting as the reader can notice from the example at the end of this section. It is well known
that if µ is an ergodic Gibbs u-state with negative central Lyapunov exponents, that is, if
lim sup
n→+∞
1
n
log ‖Dfn|Ecx‖ < 0
for µ-almost every point x ∈ M , then µ is a physical measure (see [29, Theorem 3] and the
reference therein). The statement follows from classical arguments [21].
This is a good motivation to introduce the notion of mostly contracting: A partially
hyperbolic diffeomorphism f is mostly contracting along the center subbundle if
(2.4) lim sup
n→+∞
1
n
log ‖Dfn|Ecx‖ < 0
for a positive Lebesgue measure set of points x in every disk Du contained in a strong
unstable local manifold. In such case, it was proved in [7] that if f is partially hyperbolic
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and strongly mostly contracting along the center subbundle, then f admits finitely many
ergodic physical measures, and the union of their basins covers a full Lebesgue measure
subset of the basin of M . A related notion of mostly contracting was studied by Dolgopyat
in [11]. Ten years later, in [3] was proved that mostly contracting property (2.4) is equivalent
to every (ergodic) Gibbs u-state has negative central Lyapunovs exponents.
In the setting of partially hyperbolic diffeomorphisms with absence of strong unstable
direction, that is, when f : M → M is a Cr-diffeomorphism, r > 1, with decomposition
of the tangent bundle TM = Es ⊕ Ec, it makes no sense to speak of Gibbs u-states. For
this setting, Alves, Bonatti and Viana [1] introduced the notion of Gibss cu-state using the
fact that, in the presence of positive Lyapunov exponents, there are Pesin invariant unstable
manifolds. Thus Gibss cu-states correspond to a non-uniform version of Gibbs u-states: An
invariant probability measure µ is a Gibbs cu-state if the m largest Lyapunov exponents
are positive µ-almost everywhere, where m = dimEc, and the conditional measures of µ
along the corresponding local unstable Pesin’s manifolds are almost everywhere absolutely
continuous with respect to Lebesgue measure on these manifolds.
Alves, Bonatti and Viana showed that a Cr-non uniformly expanding partially hyperbolic
diffeomorphism (recall Definition 1.3), r > 1, exhibits (ergodic) Gibbs cu-states which are
physical measures [1]. Moreover, if H = M , then f admits finitely many (ergodic) physical
measures, and the union of their basins covers a full Lebesgue measure subset of M . Same
conclusion was reached by Alves, Dias, Luzzatto and Pinheiro in [2] under the wNUE-
condition (recall Definition 1.4). We record the precise statement obtained by the authors
above for future references.
Proposition 2.2 ([2], Theorem A). Let f : M → M be a Cr, r > 1, partially hyperbolic
diffeomorphism with decomposition TM = Es ⊕ Ecu. Assume that there exists a subset
H ⊆ M of positive Lebesgue measure on which f is weakly non-uniformly expanding along
Ecu. Then
(i) there exist closed invariant transitive sets Ω1, . . . ,Ωℓ such that for Lebesgue almost
every x ∈ H we have ω(x) = Ωj for some 1 ≤ j ≤ ℓ;
(ii) there exist (ergodic) Gibbs cu-states µ1, ..., µℓ supported on the sets Ω1, . . . ,Ωℓ, whose
basins whose basins are open up to a zero Lebesgue measure set, such that for
Lebesgue almost every x ∈ H we have x ∈ B(µj) for some 1 ≤ j ≤ ℓ.
In [26], the author establish several properties of Gibbs cu-states which are similar to the
ones for Gibbs u-states: [26, Theorem 2.1], The ergodic components of a Gibbs cu-state
µ are Gibbs cu-states whose densities are uniformly bounded away from zero and infinity.
Conversely, a convex combination of Gibbs cu-states is a Gibbs cu-state. The support of any
Gibbs cu-state consists of entire center-unstable leaves. In the setting of partially hyperbolic
diffeomorphisms with non-uniform expansion, every ergodic physical measure is a Gibbs
cu-state.
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In the case where f is a non-uniformly expanding partially hyperbolic diffeomorphism
with decomposition of the tangent bundle TM = Es ⊕ Ec ⊕ Eu, every Gibbs cu-state is in
fact a Gibbs u-state with positive central Lyapunov exponents. The converse is not true,
even in the case of Anosov diffeomorphisms.
Example: Consider two linear Anosov diffeomorphisms A1, A2 over the torus T
2 with split-
tings Eu1 ⊕ E
s
1 and E
u
2 ⊕ E
s
2 respectively, and with (unstable) eigenvalues λ1 > λ2 > 1
respectively. Now consider f : T2 × T2 → T2 × T2 defined by f = A1 × A2. If we consider
the decomposition Eu = Eu1 , E
c = Eu2 and E
s = Es1 ⊕ E
s
2 of the tangent bundle of T
2 × T2,
then f is a partially hyperbolic diffeomorphism with positive central Lyapunov exponent at
every point. Consider the measure µ = µ1 × µ2, where µ1 is an Gibbs u-state for A1 and µ2
is the Dirac measure supported on a periodic orbit of A2. Then µ is a Gibbs u-state for f
whose central Lyapunov exponents are positive but it is not a Gibbs cu-state.
3. Proof of Theorem B
For every f ∈ Diffr(M) partially hyperbolic and x ∈M , denote by
(3.1) λc(x, f) := lim inf
n→+∞
1
n
logm(Dfn|Ecx).
The diffeomorphism f is strongly mostly expanding (cf. Definition 1.2) if λc(x, f) > 0 for a
positive Lebesgue measure set of points x in every diskDu contained in a strong unstable local
manifold. If x ∈ M is a regular point, the number above is the minimum of the Lyapunov
exponents of x whose Osedelec splitting is contained in the central direction. According to
Osedelec Theorem (see [16, Theorem 10.1]), the set of regular points is a Borel set with total
measure. In particular, the set of regular points has full measure with respect to every Gibbs
u-state . Note that the function defined by (3.1) is f invariant. Then, λc(x, f) =: λc(µ, f) is
constant, for µ-a.e. x when µ is ergodic.
Proposition 3.1. Let f : M → M be a strongly mostly expanding partially hyperbolic
diffeomorphism, then f is mostly expanding.
Proof. Assume that f is strongly mostly expanding. It is enough to prove the assertion
for ergodic Gibbs u-states and, in such case, to prove that all central Lyapunov exponents
are positive on a set of positive µ-measure. Pick a foliated neighborhood D × Σ such that
µ(D × Σ) > 0. By definition of Gibbs u-states, the conditional measures of µ|(D × Σ)
with respect to the partition into strong unstable discs {D × {y} : y ∈ Σ} are absolutely
continuous with respect to Lebesgue measure along the corresponding unstable discs. From
such disintegration and absolutely continuity, we conclude for ξˆ-almost every point y ∈ Σ
(recall that ξˆ was defined in (2.1)), the central Lyapunov exponents are well defined in a
set of Lebesgue full measure in each the strong unstable discs D × {y}. Since f is strongly
mostly expanding, such central Lyapunov exponents must be positive. 
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Recall thatM(M) denotes the set of probability measures on M provided with the weak*
topology and Gu(f) ⊆ M(M) denotes the set of Gibbs u-states of f . Let S ⊆ Diffr(M) ×
M(M) be the set of pairs (f, µ) where f is a Cr partially hyperbolic diffeomorphism and µ
is a Gibbs u-state for f . We consider S endorsed with the product topology induced from
Diffr(M)×M(M).
Let us consider the function Λc : S → R defined as
Λc(f, µ) :=
∫
M
λc(x, f) dµ(x).
Now, let µ be any Gibbs u-state. By convexity of the set of Gibbs u-states of f , µ is a
convex combination of ergodic Gibbs u-states (µx)x∈M . Therefore, the ergodic cecomposition
theorem implies that
(3.2) Λc(f, µ) :=
∫
λc(x, f)dµ(x) =
∫ ∫
λc(x, f)dµx dµ(x) =
∫
λc(µx) dµ(x).
The next lemma will be useful in the proof of Proposition 3.5.
Lemma 3.2. A partial hyperbolic diffeomorphims f is mostly expanding if and only if
Λc(f, µ) > 0, for every µ ∈ Gu(f).
Proof. Assume that f is mostly expanding. If ν is an ergodic Gibbs u-state,
λc(x, f) := λc(ν, f) > 0,
for ν-almost every point x ∈M . Then
Λc(f, ν) =
∫
M
λc(x, f) dν(x) = λc(ν, f) > 0.
If ν is not ergodic, then from (3.2) we have
Λc(f, ν) :=
∫
λc(x, f)dν(x) =
∫ ∫
λc(x, f)dνx dν(x) =
∫
λc(νx, f) dν(x) > 0
since every νx is an ergodic Gibbs u-state and then λ
c(νx, f) > 0.
Now, we assume that Λc(f, µ) > 0, for every µ ∈ Gu(f). If µ is ergodic, then follows
from Λc(f, µ) = λc(µ, f) that µ has positive central Lyapunov exponents. If µ is non ergodic
and λc(x, f) ≤ 0 for every x ∈ A, where A is a set of positive µ-measure. Then by Ergodic
Decomposition Theorem, there exists an ergodic component µx of µ such that x ∈ A, µx(A) >
0, and λc(x, f) = λc(µx, f) ≤ 0, which is a contradiction. 
For every n ≥ 1, define Ln : S → R by
(3.3) Ln(f, µ) :=
∫
logm(Dfn|Ecx) dµ(x)
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Recall that the set S is endowed with the product topology induced from Diffr(M)×M(M).
Therefore, Ln : S → R is continuous, for every n ≥ 1. Moreover, for a fixed (f, µ) ∈ S, the
sequence (Ln(f, µ))n≥1 is super additive, that is, for every integers n,m ≥ 1, we have
(3.4) Ln+m(f, µ) ≥ Ln(f, µ) + Lm(f, µ).
This implies that the following limit exists (or is equal to +∞).
α = α(f, µ) = lim
n→+∞
1
n
Ln(f, µ) = sup{
1
n
Ln(f, µ) : n ∈ N}.
Lemma 3.3. For every (f, µ) ∈ S,
(3.5) Λc(f, µ) = lim
n→+∞
1
n
Ln(f, µ).
Proof. This lemma is a direct consequence of dominated converge theorem. In fact, fix
(f, µ) ∈ S and let us consider the sequence of µ-integrable functions on M defined by
Ψn(x) =
1
n
logm(Dfn|Ecx), x ∈ M , n ≥ 1. Then Ψn converge µ-almost every point to
λc(·, f) and by partial hyperbolicity, Ψn(x) ≤
1
n
logC−1 + log λ3, where C ≥ 0 and λ3 > 1
are the constants in (1.3). Hence,
Λc(f, µ) =
∫
λc(x, f)dµ(x) = lim
n→+∞
∫
Ψn(x)
= lim
n→∞
1
n
∫
logm(Dfn|Ecx)dµ = lim
n→+∞
1
n
Ln(f, µ).

Proposition 3.4. The function Λc : S → R is lower semi-continuous.
Proof. Let (f, µ) ∈ S and fix ǫ > 0 arbitrarily. From Lemma 3.3, we can take n0 ≥ 1 large
so that
1
n0
Ln0(f, µ) > Λ
c(f, µ)− ǫ.
Continuity of Ln0 allow us choose thereafter a neighbourhood N of (f, µ) in S, small enough
for
1
n0
Ln0(g, µg) > Λ
c(f, µ)− ǫ
to hold for any pair (g, µg) ∈ N . Again from Lemma 3.3, we have
Λc(g, µg) = lim
1
n
Ln(g, µg) = sup
n
1
n
Ln(g, µg) ≥
1
n0
Ln0(g, µg) ≥ Λ
c(f, µ)− ǫ.
which proves the proposition. 
The next proposition corresponds to the statement in Theorem B.
Proposition 3.5. The class of mostly expanding partially hyperbolic diffeomorphisms con-
stitutes a Cr-open subset of Diffr(M), r > 1.
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Proof. Let Diffr(M), r > 1, be a mostly expanding partially hyperbolic diffeomorphism.
Since partial hyperbolicity is a C1-open property (hence, it is Cr-open, for every r ≥ 1),
we need to prove the existence of a small neighborhood where every partial hyperbolic
diffeomorphism is mostly expanding. We argue by contradiction. Assume that there is a
sequence (fn)n≥1 of C
r-diffeomorphisms converging to f in the Cr-topology, r > 1, such
that, for every fn, n ≥ 1, there is a Gibbs u-state µn such that Λc(fn, µn) ≤ 0.
Taking a subsequence if it is necessary, we may assume that µn converges to µ. As already
pointed out (see [6, Remark 11.15]), µ is a Gibbs u-state for f . Since f is mostly expanding,
then Λc(f, µ) > 0. By the lower semicontinuity of Λc, we have
0 ≥ lim inf
n→+∞
Λc(fn, µn) ≥ Λ
c(f, µ) > 0,
which is a contradiction. 
4. Proof of Theorem C and Theorem D
The way we prove Theorem C is to prove that if f is mostly expanding , then it has an
iterate that satisfies the weakly expanding condition (1.6) along the center direction. We do
this in several steps. Thereafter we use the weakly expanding condition to show that f has
a finite number of physical measures whose basins cover Lebesgue almost every point in the
ambient manifold.
Lemma 4.1. Let f ∈ Diffr(M), r > 1, be partially hyperbolic and mostly expanding. Then
there exists an integer n0 ≥ 1 such that
(4.1)
∫
logm(Dfn0|Ecx) dµ(x) > 0,
for every Gibbs u-state µ of f .
Proof. For any n ≥ 1, consider the set
(4.2) Gn = {µ ∈ G
u(f) : Ln(f, µ) > 0}.
Because each Ln is continuous, n ≥ 1, we have Gn is open in Gu(f). Since f is mostly
expanding, it follows that, given any µ ∈ Gu(f), there exists n ≥ 0 such that µ ∈ Gn (see
Lemma 3.2 and Lemma 3.3 ). Hence the family {Gn}n∈N is an open covering of Gu(f) and
by compactness, there exists integers n1, . . . , nk such that G
u(f) = ∪kj=1Gnj .
Let n0 := n1 · · ·nk. Since the sequence (Ln(f, µ))n is super additive, we have
(4.3) Lrs(f, µ) ≥ rLs(f, µ), for every integers r, s ≥ 1.
If µ ∈ Gu(f), then µ ∈ Gnj for some 1 ≤ j ≤ k. Taking s = nj and r = n0/nj in (4.3) proves
that Ln0(µ) > 0 for every µ ∈ G
u(f). 
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Note that for n0 ≥ 1, we always have Gu(f) ⊆ Gu(fn0), and it may be that Gu(f) is a
proper subset of Gu(fn0). Lemma 4.1 states that (4.1) holds for every µ ∈ Gu(f). We do not
know whether it holds for every µ ∈ Gu(fn0).
Lemma 4.2. Let f ∈ Diffr(M), r > 1, be mostly expanding. Then, there exists an integer
n0 ≥ 1 such that fn0 satisfies the wNUE-condition on a set H ⊆ M .
Moreover, H ∪ f−1(H) ∪ . . . ∪ f−(n0−1)(H) has full Lebesgue measure in M .
The proof of Lemma 4.2 makes use of an auxiliary result regarding lim sup of general
sequences.
Lemma 4.3. Let {an}n∈N be a sequence of real numbers and N ≥ 1 some integer. Then
(4.4) lim sup
n→∞
1
nN
nN−1∑
k=0
ak ≤ max
0≤ℓ≤N−1
lim sup
n→∞
1
n
n−1∑
k=0
akN+ℓ.
Proof. Let A = max0≤ℓ≤N−1 lim supn→∞
1
n
∑n−1
k=0 akN+ℓ. Assume that A < +∞, otherwise
there is nothing to prove. For each ℓ = 0, . . . , N − 1, let
Aℓ = lim sup
n→∞
1
n
n−1∑
k=0
akN+ℓ.
Fix ǫ > 0. For every ℓ = 0, . . . , N − 1, there exist mℓ ≥ 1 such that
1
n
n−1∑
k=0
akN+ℓ < Aℓ + ǫ, for every n ≥ mℓ.
Let m := max{m0, . . . , mN−1}. Then
1
n
n−1∑
k=0
akN+ℓ < Aℓ + ǫ, for every n ≥ m, and ℓ = 0, . . .N − 1.
Hence,
1
n
N−1∑
ℓ=0
n−1∑
k=0
akN+ℓ <
N−1∑
ℓ=0
Aℓ + ǫ ≤ N(A + ǫ)
and
1
nN
nN−1∑
k=0
ak ≤ A+ ǫ, for every n ≥ m,
which proves the lemma. 
We need to remark that it is not possible to change lim sup to lim inf in Lemma 4.3. It is
due to this limitation that we are only able to prove a priori that an iterate of f , g = fn0
satisfies the wNUE-condition on the set of positive Lebesgue measure H . Of course, as
consequence of the existence of physical measure for g = fn0, a posteriori g satisfies also the
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NUE-condition on H . In fact, it follows from Proposition 2.2 that H contains the basin of
the physical measures of g, so we can change the lim sup to lim inf on points belonging to
one of such basins.
Proof of Lemma 4.2. Recall that if f is partially hyperbolic, we denote by Ecu = Ec ⊕ Eu.
Let n0 be as in Lemma 4.1 and write g = f
n0 . Let
(4.5) c0 := inf
µ∈Gu(f)
∫
logm(Dg|Ecu) dµ.
Then c0 > 0 according to Lemma 4.1. Let E(g) be the set of points x ∈M such that every
accumulation point of the measure
(4.6) νx,n =
1
n
n−1∑
k=0
δgk(x)
belongs to Gu(g). Then E(g) has full Lebesgue measure in M according to Proposition 2.1.
Note that if x ∈ E(g) then, νx,n accumulates on µ ∈ Gu(g) if and only if νf(x),n accumulates
on f∗µ ∈ Gu(g). So E(g) is f -invariant. Note also that if ν ∈ Gu(g), then
1
n0
(ν + f∗ν + . . .+ f
n0−1
∗ ν) ∈ G
u(f).
In particular, every accumulation point µ˜ of
(4.7) µx,n =
1
n0
n0−1∑
ℓ=0
νfℓ(x),n
is a Gibbs u-state for f .
Fix some x ∈ E(g) and for any integer n ≥ 1 set
(4.8) an = logm(Dg|E
cu
fn(x)).
For every 0 ≤ ℓ ≤ n0 − 1 fixed we have
∫
logm(Dg|Ecux ) dνfℓ(x),n =
1
n
n−1∑
k=0
logm(Dg|Ecugk(fℓ(x)))
=
1
n
n−1∑
k=0
logm(Dg|Ecu
fkn0+ℓ(x))
=
1
n
n−1∑
k=0
akn0+ℓ.
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And so ∫
logm(Dg|Ecux ) dµx,n =
1
n0
n0−1∑
ℓ=0
∫
logm(Dg|Ecux ) dνfℓ(x),n
=
1
n0
n0−1∑
ℓ=0
1
n
n−1∑
k=0
akn0+ℓ.
For every sufficiently large n ≥ 1 we must have
1
nn0
n0−1∑
ℓ=0
n−1∑
k=0
akn0+ℓ =
∫
logm(Dg|Ecux ) dµx,n
>
1
2
inf
µ∈Gu(f)
∫
logm(Dg|Ecu)dµ = c0/2.
In particular,
(4.9) lim sup
n→∞
1
nn0
n−1∑
k=0
n0−1∑
ℓ=0
akn0+ℓ ≥ c0/2.
Hence, applying Lemma 4.3 with N = n0, we conclude that there exists some 0 ≤ ℓ ≤ n0−1
such that
(4.10) lim sup
n→∞
1
n
n−1∑
k=0
akn0+ℓ ≥ c0/2.
We have now proved that f ℓ(x) ∈ H for some 0 ≤ ℓn0−1. Since x ∈ E was chosen arbitrarily,
this implies that E = H ∪ f−1(H) ∪ . . . ∪ f−(n0−1)(H). To finish the proof, note that H
corresponds to the set of points x ∈M for which
lim sup
n→∞
1
n
n−1∑
k=0
logm(Dg|Ecugk(x)) = lim sup
n→∞
1
n
n−1∑
k=0
logm(Dg|Ecu
fn0k(x)) ≥ c0/2 > 0.
which is equivalent to
(4.11) lim inf
n→∞
1
n
n−1∑
k=0
log ‖(Dg|Ecugk(x))
−1‖ ≤ −c0/2 < 0.
so g = fn0 satisfies the wNUE-condition on H . 
Next lemma allows us to conclude Theorem C.
Lemma 4.4. Let f ∈ Diffr(M), r > 1, be partially hyperbolic and mostly expanding. Then
there exist finitely many ergodic Gibbs cu-states µ1, . . . µℓ all of which are physical measures.
The union of their basins have full Lebesgue measure in M .
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Proof. From Lemma 4.2, there exists an integer n0 ≥ 1 such that fn0 satisfies the wNUE-
condition on a set H ⊆M . So we can apply Proposition 2.2 to g = fn0 and then we conclude
that exist finitely many ergodic Gibbs cu-states (of g) ν1, ..., νℓ, whose basins have nonempty
interior and such that
Leb(H \ ∪ℓj=1B(νj)) = 0.
As we noted above, if νj is a Gibbs cu-state for g = f
n0, j ∈ {1, . . . , ℓ}, then
µj :=
1
n0
(νj + f∗ν + . . .+ f
n0−1
∗ νj)
is a Gibbs cu-state for f . Of course each B(µj) is contained in H∪f−1(H)∪ . . .∪f−(n0−1)(H)
and
Leb
(
∪n0−1k=0 f
−k(H) \ ∪ℓj=1B(µj)
)
= 0.
Since ∪n0−1k=0 f
−k(H) has full Lebesgue measure in M (see Lemma 4.2), then almost every
x ∈ M we have x ∈ B(µj) for some 1 ≤ j ≤ ℓ.

The following remark is a key ingredient in the proof of Theorem D.
Lemma 4.5. Let f ∈ Diffr(M), r > 1, be partially hyperbolic and mostly expanding. Let µ
be a physical measures for f . Then its basin is open in M up to a zero Lebesgue measure
subset.
Proof. We prove the Lemma by completeness, even though it is contained in the second
statement of Proposition 2.2 (see also [2]). Since µ is an ergodic, µ-almost every point
belongs to B(µ). Moreover, since µ is a Gibbs cu-state, µ-almost every point lies in an
unstable leaf F on which LebF -almost every point does also belong to B(µ). More precisely,
there exist a set L(µ) of unstable leaves such that
(i) µ

 ⋃
F∈L(µ)
F

 = 1.
(ii) B(µ) has full LebF -measure for every F ∈ L(µ).
For each F ∈ L(µ), let A(F ) be the s-saturated set consisting of the union of all strong
stable manifolds of points in F . Then A(F ) is an open set and, by absolute continuity of the
stable foliation, B(µ) ∩ A(F ) has full Lebesgue measure in A(F ). Let A =
⋃
F∈L(µ)A(F ).
Since B(µ) has full Lebesgue measure in each A(F ), it has full Lebesgue measure in A. Note
that A is a neighborhood of suppµ. Therefore, given any point x ∈ B(µ), there is an iterate
fn(x) that belongs to A. But A is invariant, so in fact we must have x ∈ A. Hence A is an
open set containing B(µ), and B(µ) has full Lebesgue measure in A.

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Next Lemma implies Theorem D.
Lemma 4.6. Let f ∈ Diffr(M), r > 1, be transitive, partially hyperbolic, and mostly ex-
panding. Then f has a unique physical measure whose basin has full Lebesgue measure in
M .
Proof. Assume that there are two physical measures µ and ν for f . The basins B(µ) and
B(ν) are open up to a zero Lebesgue measure subset. From topological transitivity, there is
a non-negative integer n such that fn(B(µ)) ∩ B(ν) 6= ∅. Hence µ = ν. 
5. Dolgopyat-Hu-Pesin blocks
In [4, Appendix B], Dolgopyat, Hu and Pesin provide an example of a non-uniformly hy-
perbolic volume preserving diffeomorphism on T3 with countably many ergodic components.
As a key step in the construction they consider a linear Anosov diffeomorphism A on T2
and the map F : [0, 1] × T2 → [0, 1] × T2 defined by F = I × A, where I is the identity
map. Then, by a suitable perturbation of F , they construct a C∞ diffeomorphism g on
M = [0, 1]× T2, with the following properties:
• g is a partially hyperbolic volume preserving diffeomorphism on M .
• The connected components of the boundary, Wi := {i} × T2, i = 0, 1 are left
invariant by g and g|Wi = F |Wi is a linear Anosov map.
• g is ergodic with respect to Lebesgue measure and has positive central Lyapunov
exponents almost everywhere.
• g can be chosen to be as Cr close to F as desired, for any r ≥ 2.
The meaning of the first item above, i.e. that g is partially hyperbolic, could potentially
be confusing, as we are dealing with a manifold with boundary, and no definition of partial
hyperbolicity has been provided in this case. In fact there is no need for that. The diffeo-
morphism g is constructed so that it becomes a C∞ partially hyperbolic diffeomorphism on
T
3 when identifying {0} × T2 with {1} × T2 in the natural manner. This is what enables
them to glue two or more copies of g together.
We observe that if µ is a Gibbs u-state for A, then δ0 × µ is a u-measure for g with zero
central Lyapunov exponent, where δ0 is the Dirac measure concentrate on 0. Therefore g is
not mostly expanding, although it does satisfy the non uniformly expanding along the center
(or center-unstable) direction condition (1.5).
Although the construction of the diffeomorphism g by Dolgopyat, Hu, and Pesin was done
as an intermediate step in providing an example of a diffeomorphism with non-zero Lyapunov
exponents almost everywhere and yet having countable many ergodic components, it turns
out to useful when thinking about the NUE-condition of [1] and how it compares to our
notion of mostly expanding central direction.
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Gluing copies of g together is an easy matter. Indeed, given 0 < λ < 1 and 0 ≤ τ < 1−λ,
define the squeezing and sliding action
Lλ,τ : [0, 1)× T
2 → [τ, τ + λ)× T2
(x, y, z) 7→ (λx+ τ, y, z).
Now suppose we wish to construct an example of a diffeomorphism f : T3 → T3 satisfying
the NUE-condition and exhibiting precisely k physical measures, all we have to do is to
identify T3 with [0, 1)×T2 in the obvious way and take f to be the diffeomorphism satisfying
f |[ i
k
, i+1
k
) = L 1
k
, i
k
◦ g ◦ L−11
k
, i
k
, i = 0, . . . , k.
Proposition 5.1. Having condition (1.5) or (1.6) satisfied on a set of full Lebesgue measure
is not a robust property.
Proof. Pick any 0 < ǫ < 1 and define fǫ by
fǫ(x, y, z) = L1−ǫ,0 ◦ g ◦ L
−1
1−ǫ,0(x, y, z), x ∈ [0, 1− ǫ)
fǫ(x, y, z) = (x,A(y, z)), x ∈ [1− ǫ, 1).
By construction, fǫ approaches g as ǫ→ 0 in any Cr topology, but none of the fǫ satisfy the
NUE-condition. 
Proposition 5.2. Having condition (1.5) or (1.6) satisfied on a set of positive Lebesgue
measure is not a robust property.
Proof. Let f be a diffeomorphism on T3 obtained by gluing two blocks as above with different
sign on their central Lyapunov exponents. More precisely, let f be such that
f |[0, 1
3
)×T2 = L 1
3
,0 ◦ g ◦ L
−1
1
3
,0
,
and
f |[ 1
3
,1)×T2 = L 2
3
, 1
3
◦ g−1 ◦ L−12
3
, 1
3
,
Then both f satisfies (1.5) and (1.6) on a set of positive measure. Note that the integrated
central Lyapunov exponent of f is negative. From [23] we know that, for every r > 1, there
is a Cr diffeomorphism f˜ arbitrarily close to f in the Cr topology, such that f˜ is ergodic.
In particular the central Lyapunov exponent of f˜ is constant Lebesgue almost everywhere.
Since f˜ is C1 close to f , this Lyapunov exponent is negative. In particular, f˜ fails to satisfy
conditions (1.5) and (1.6) on a set of positive Lebesgue measure. 
Proposition 5.3. Having condition (1.5) or (1.6) satisfied on a set of full measure does not
imply that the number of physical measures vary upper-semi-continuously with the dynamics.
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Proof. To prove this claim, we have to show that the number of physical measures can
undergo an explotion. All we have to do to accomplish that is to modify fǫ in Claim 1 on
[1− ǫ, 1)× T2. That is,
fǫ(x, y, z) = L1−ǫ,0 ◦ g ◦ L
−1
1−ǫ,0(x, y, z), x ∈ [0, 1− ǫ)(5.1)
fǫ(x, y, z) = Lǫ,1−ǫ ◦ g
′ ◦ L−1ǫ,1−ǫ(x, y, z), x ∈ [1− ǫ, 1),(5.2)
where g′ : [0, 1] × T2 is a diffeomorphism satisfying all the properties of g, and sufficiently
close to F in the Cr topology. The resulting fǫ has two physical measures and is arbitrarily
close to g (which has one). 
6. Derived from Anosov example
Here we show that a classical example of a non-hyperbolic robustly transitive diffeomor-
phism due to Man˜e [15] satisfies our notion of partial hyperbolicity with mostly expanding
central direction in the strong sense. We do that following the ideas developed in [7].
We start with a linear Anosov diffeomorphism f0 : T
3 → T3 with three different eigenvalues
λs < 1/3 < 1 < λc ≪ 3 < λu.
We consider the splitting
TT3 = Es0 ⊕ E
c
0 ⊕ E
u
0 ,
into eigenspaces corresponding to these eigenvalues. Let p0 ∈ T3 be a fixed point of f0
and consider δ > 0 (to be fixed later). We deform f0 along a one-parameter family of
diffeomorphisms ft, t ≥ 0, by isotopy inside V = B(p0, δ), to make it go through a pitchfork
bifurcation. The expansion in the strong unstable subbundle Eut remains large everywhere
and the same is true for the contraction in the strong-stable subbundle Est . More precisely,
for every parameter t ≥ 0,
|Dft|E
s
t | < 1/3 < 3 < |Dft|E
u
t |.
Then, the distortion along the strong unstable leaves remains uniformly bounded in the
whole family ft.
The center subbundle Ect restricted outside V also remains expanding, that is,
(6.1) 3 > |Dft(x)|E
c
t (x)| ≥ ηc(t) > 1, for every x ∈ T
3 \ V.
where ηc(0) = λc > 1. Moreover, for every parameter 0 ≤ t < t0, the deformation can be
done in a such a way that (6.1) can be extended to every x ∈ T3 choosing carefully the
constant ηc(t) > 1 and so, ft is expanding along the central direction E
c
t . If we denote by
pt, t ≥ 0, the continuation of the hyperbolic fixed point p0 of f0 inside the neighborhood
V , the eigenvalue λc(pt) > 1 if 0 ≤ t < t0 and becomes λc(pt0) = 1. Then, for parameters
t0 + ǫ > t > t0, sightly greater than t0, the continuation pt is a saddle point whose stable
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Figure 1.
index changes from 1 to 2, and two other saddle points q1t , q
2
t ∈ V , of stable index 1, are
created (See Figure 1).
Note that for every β > 0, we can choose ǫ > 0 such that for every 0 ≤ t < t0 + ǫ and
every x ∈ V ,
|Dft(x)|E
c
t (x)| > 1− β.
Then, for 0 ≤ t < t0 + ǫ, the diffeomorphims ft is partially hyperbolic. Hence there exist
unique foliations F st , F
u
t tangent to E
s
t , E
u
t respectively. Moreover, it follows from [14] that ft
has an invariant central foliation F ct tangent to the central direction E
c
t , 0 ≤ t < t0+ǫ. Since
it remains normally contracting all the way during the isotopy the center unstable foliation
F cut is leaf conjugate to the unstable foliation F
cu
0 , that means there exists a homeomorphism
h : T3 → T3 which sends leaves of F cut into leaves of F
cu
0 and conjugates the dynamics of the
leaves. More precisely,
h(W cut (ft(x))) =W
cu
0 (f0(h(x))).
If we fix a diffeomorphism ft with t sightly greater than t0 in the family above, we obtain
a C1-open set U of diffeomporphisms containing ft, such that every f ∈ U satisfies:
(i) f is partially hyperbolic and uniquely integrable. We have an Df -invariant splitting
into three non trivial subbundles
TT3 = Es ⊕ Ec ⊕ Eu,
satisfying
(6.2) |Df |Es| < 1/3 < 3 < |Df |Eu|.
and for every x ∈ V ,
(6.3) |Df(x)|Ec(x)| > 1− β.
(ii) There exist unique foliations F∗ tangent to E∗ respectively, where ∗ = s, c, u.
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(iii) f has three hyperbolic fixed saddles inside V contained in a same central leaf F c(p):
two saddle with stable index 1 and one saddle with stable index 2.
Recall that for a u-segment γ, by (6.2) we have
length(f(γ)) ≥ 3 · length(γ),
so we can assume that there are constants L ≥ 0 such that, given any u-segment γ with
length(γ) ≥ L,
then there is an integer k = k(γ) ≥ 1 such that we may write
f(γ) = γ1 ∪ · · · ∪ γk,
as the disjoint union of u-segments γi satisfying
2L ≥ length(γi) ≥ L, i = 1, . . . , k.
By redefining V if it is necessary, we can assume that there is 0 < τ0 < 1 such that, given
any u-segment γ with length(γ) ≥ L, if IV = {i : γi ∩ V 6= ∅, i = 1, . . . , k(γ)}, then∑
j∈IV
length(γj) ≤ τ0 · length(f(γ)).
Of course L ≥ 0 can be chosen close the size of V , so the image of any u-segment with length
bigger than L spend a positive fraction 1− τ0 (in length) outside V .
For any integer k ≥ 1, and 0 < α < 1, we define
M(k, α) = {x ∈ γ :
1
k
k−1∑
j=0
1V (f
j(x)) ≥ α},
where 1V is the characteristic function of V . Note that x ∈ M(k, α) if its orbit spends a
fraction of time bigger than α > 0 inside V (until time k). Of course, the complement of the
set ⋂
n≥1
⋃
k≥n
M(k, α),
corresponds to the set of points x ∈ γ such that spends at least a fraction 1− α outside V .
Lemma 6.1. There is 0 < α0 < 1, depending on α0 = α0(τ0, |Df |E
u|) such that, for every
u-segment γ, and every α0 ≤ α < 1, the set
Mγ :=
⋂
n≥1
⋃
k≥n
M(k, α),
has zero Lebesgue measure in γ.
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The proof of Lemma 6.1 we can found in [7], section 6.3. We need to remark that α0
is a constant such that it essentially depends on the distortion bound along the unstable
direction. That allow us to fix α > α0 and to choose β close to zero such that
(6.4) 3(1−α)(1− β)α = λ > 1.
Proposition 6.2. Let f ∈ U be as above. Then for any u-segment γ and Lebesgue almost
every point x ∈ γ,
lim sup
n→∞
1
n
log |(Dfn|Ecx)
−1| < 0.
In particular f is mostly expanding.
Proof. Let γ be a u-segment and consider x ∈ γ. Since Ec is a one dimensional subbundle,
|Dfn(x)|Ec(x)| =
n−1∏
j=0
|Df(f j(x))|Ec(f j(x))|.
If we denote by JV (x) = {j : f j(x) ∈ V, 0 ≤ j ≤ n − 1} the iterates of x belonging to V
then, by (6.3), the derivative of f j(x) along the center direction is controlled if j ∈ JV (x) by
|Df(f j(x))|Ec(f j(x))| > 1− β.
For the iterated j /∈ JV (x), by (6.2), we have that
|Df(f j(x))|Ec(f j(x))| > 3.
Then,
|Dfn(x)|Ec(x)| > 3n−|JV (x)|(1− β)|JV (x)|.
Follows from the Lemma 6.1 that for Lebesgue almost every x ∈ γ \Mγ , that is, there exist
N ≥ 1, such that for every n ≥ N we have
|JV (x)|
n
≤ α < 1.
Then, taking in account (6.4), we have that
|Dfn(x)|Ec(x)| > 3n−|JV (x)|(1− β)|JV (x)|
> 3(1−α)n(1− β)αn
> λn > 1.
Finally,
1
n
log |Dfn(x)|Ec(x)| > log λ > 0.
and then, we obtain
lim inf
n→∞
1
n
log |Dfn(x)|Ec(x)| > log λ > 0.
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
Remark: The previous example can be generalized to Tn+2, n ≥ 1, beginning from a linear
Anosov difeomorphism f0 with decomposition
TT3 = Es0 ⊕ E
c
0 ⊕ E
u
0 ,
where dimEu0 = dimE
c
0 = 1 and dimE
s
0 = n.
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